Abstract: A power-law distribution of molecular weight is found for low-density polyethylene formed in a one-zone autoclave reactor. This reactor could be modelled as a continuously stirred tank reactor (CSTR) operated under homeostatic conditions where the concentration of each component as well as temperature and pressure are kept constant. A simple stochastic model is used to investigate the molecular weight distribution (MWD) formed in free-radical polymerization involving chain transfer to polymer. The MWD profiles are dominated by the P b value, which represents the probability that the chain end is connected to a backbone chain. By increasing P b , MWD changes from an exponential to a powerlaw distribution. A scale-free power-law distribution is found for P b > 0.5. Because the power of the weight fraction distribution, W(M) ~ M -γ , is 1 < γ < 2, the numberaverage molecular weight will reach a stationary-state value but the weightaverage may continue to increase unlimitedly under ideal CSTR conditions.
Introduction
In the natural world, probably the most prevalent and best-understood type of distribution is the exponential distribution, such as the Gaussian distribution and the most probable distribution in polymer molecular weights. The exponential distribution is associated with the randomness of the formation process. On the other hand, another widespread type of distribution is the power-law distribution, which has been found in various fields, such as in the network of the World Wide Web (WWW) [1] and the SARS epidemic in Singapore [2] . In polymer molecular weight distribution (MWD), the high-molecular-weight tail of cross-linked polymers right at the gel point is believed to follow a power-law distribution [3] although it may be difficult to confirm this experimentally.
An important field in which power laws prevail is biological systems. The structure of many organs, such as lung, blood vessel system, and mammal's brain, have the geometry of fractals [4] that follow the scale-free power-law (SFPL) distribution without having a characteristic size. When each substrate in the metabolic system is viewed as a node of the graph, the connectivity distribution of the metabolic networks in various organisms follows the SFPL distribution [5] . The metabolic reactions occurring in a cell could be modelled as a continuously stirred tank reactor (CSTR) in which substrates are supplied and the reaction products are removed continuously, in an approximately constant reaction environment. The investigation of complex reactions in a CSTR may provide insight in biological systems, as well as for nonbiological systems.
A mechanistic route to form the SFPL distribution was proposed by Barabasi and Albert [1] . They showed that scale-free networks are formed as a consequence of two generic mechanisms: (i) networks expand continuously by the addition of new vertices, and (ii) new vertices attach preferentially to sites that are already well connected. In terms of the polymer molecular weight distribution (MWD), this model is equivalent to that developed for nonlinear emulsion polymerization [6, 7] . It was found recently that the MWDs of emulsion-polymerized polyethylenes reported in the open literature follow a power-law distribution [8] . In the article, a simple stochastic model was used to investigate the MWD formed in emulsion polymerization that involves chain transfer to polymer, and it was concluded that an SFPL distribution is formed when the probability that the chain end is connected to a backbone chain, P b , is larger than 0.5. The SFPL distribution seems to emerge for a build-up system with the weak governance of order to an essentially random system [8] .
The emulsion polymerization model in ref. [8] represents a variable-volume system with constant composition. As correctly pointed out by Hamielec et al. [9] this reaction system is equivalent to an ideally mixed CSTR under steady state. In this article, first the MWD of the low-density polyethylene (LDPE) formed in a one-zone autoclave reactor reported in literature is shown to follow the power-law distribution for most molecular weights. Then, a simple stochastic model is used to clarify the necessary conditions to form SFPL MWDs.
MWD of one-zone-autoclave low-density polyethylene
The MWD of a one-zone-autoclave LDPE (IUPAC Alpha) was reported in ref. [10] , which is used for the present investigation. The MWD was determined using size exclusion chromatography (SEC) equipped with multi-angle laser light scattering (MALLS). In SEC, polymers are fractionated by the hydrodynamic volume, not the molecular weight, and therefore, the true MWD cannot be obtained in a strict sense. However, theoretical studies showed that the MWD determined by SEC-MALLS gives a reasonable estimate of the true MWD [11, 12] . . MWD of a one-zone-autoclave LDPE (IUPAC Alpha) as reported in ref. [10] The independent variable of the MWD in Fig. 1 is the logarithm of molecular weight, log M, as usually employed in SEC analysis (left axis). The MWD is distorted and tends to be bimodal, when represented as the weight fraction distribution, W(log M).
The right axis of Fig. 1 shows the log-log plot of the weight fraction distribution, W(M), i.e., the relationship between log W(M) and log M. The MWD conforms to the powerlaw distribution, for most molecular weights. Note that the power law for a real system always displays a characteristic cut-off, and in general, the observed distribution is a straight line on a log-log plot, over some limited range. The weight fraction of polymer between the dotted lines that approximately conforms to the power-law distribution is 70%.
The power-law distribution is represented by (2) where N(M) is the number fraction distribution. The applicability of Eq. (2) to the LDPE MWD was also confirmed with γ ≅ 1.3.
Simple model system
The one-zone autoclave reactor could be modelled approximately as a single, isothermal CSTR [13] . In this article, an ideal CSTR is considered in order to clarify the formation mechanism of an SFPL distribution.
It is known that the polymer transfer reactions are significant in free-radical ethylene polymerization [14, 15] . The primary chains are mainly formed by chain transfer to monomer and to polymer. To simplify the discussion, short-chain branching, chain scission, and combination termination reactions are neglected.
The following reaction condition is assumed for the present theoretical investigation.
(1) An isothermal, constant-pressure, ideally mixed CSTR is considered. (2) The elementary reactions of the present model system are initiation, propagation (rate R p ), chain transfer to small molecules such as monomer and chain transfer agent (R f ), termination by disproportionation (R td ), and chain transfer to polymer leading to longchain branching (R fp ). (3) At time t = 0, the concentrations of radicals, monomer, and polymer have already reached the stationary state value. In addition, the MWD of the primary chains at t = 0 is also the same as that under a stationary state, while no branches have been formed before t = 0.
The last condition might be rather hypothetical; however, at least the behaviour of the reaction system at large reaction time could be investigated reasonably well with this imaginary condition. Note that the present theoretical investigation highlights the formation mechanism of SFPL MWD of branched polymers; it is not a realistic simulation of the LDPE production process.
With the above assumptions, the primary polymer molecules at any time follow the most probable distribution, whose number fraction distribution is given by:
where C fm , C fCTA and C fp are the chain transfer constants to monomer, chain transfer agent (CTA) and polymer, respectively. After t = 0, the chain end of a newly formed primary chain is connected to a backbone polymer chain with probability P b that is given by:
In the present simplified model reaction system, the values of τ and P b are constant throughout the polymerization. The MWD formed in this reaction system is simulated using the Monte Carlo (MC) method proposed earlier [16, 17] . The MC simulation method used is described in Appendix A.
In this article, a non-dimensional reaction time ψ is used, which is defined by
where t is the mean residence time of the CSTR.
The weight-average chain length, w P , at reaction time ψ for the present reaction system is known to be given by [18] . P . P P P P P P (8) where wp P is the weight-average chain length of primary chains, wp P =2/τ.
From Eq. (8), the limiting value of w
is finite only when P b < 0.5, which is given by b wp w 2 1 ) (
Eqs. (8) and (9) show that w P reaches a stationary value only for P b < 0.5, and w P increases continuously throughout the polymerization for P b > 0.5. On the other hand, the number-average chain length, n P , can reach the stationary state value, irrespective of the P b value [19] . 
MC simulation results
A set of MC simulations were conducted for τ = 0.005; i.e., the number-average chain length of primary chains is np P = 200. The P b value was changed to investigate the MWDs formed. The total of 2 x 10 4 polymer molecules were sampled on a weight basis for each reaction condition. and infinity. In the figure, r represents the chain length (degree of polymerization). For P b ≤ 0.4, the MWD reaches the stationary state before about ψ = 10. For P b = 0.5 and 0.6, it is difficult to determine if the MWD profile reaches a stationary state due to the statistical variation. Such variation is inevitable in an MC simulation, and precise determination of the high-molecular-weight tail is very difficult. On the other hand, however, the average molecular weight increases continuously for P b > 0.5 as represented by Eq. (8) and Fig. 2 ; therefore, the MWD plotted by W(log r) is expected to change as polymerization proceeds, at least for the high-molecular-weight tail region. Fig. 4 shows the log-log plot of the weight fraction distribution for P b = 0.1 to 0.5 at ψ = ∞. Obviously, P b = 0 yields an exponential distribution given by Eq. (3), and the distribution changes from exponential to power-law distribution by increasing the P b value. At P b = 0.5, a wide range of linear relationship is observed. The slope for P b = 0.5 is about -2; i.e., γ ≅ 2. Fig. 5 shows the MWD development in log-log form for P b = 0.5 and 0.6. The lowmolecular-weight tail is dominated by the primary chain length distribution that is of the exponential type. On the other hand, the high-molecular-weight tail is limited by a finite reaction time, which gives the largest polymer molecule attainable. Fig. 5 shows that the cut-off limit of the high-molecular-weight tail moves to larger chain length as reaction time is increased from ψ = 5 to 10, but it moves on the same line from ψ = 5 to infinity; i.e., the distribution follows the same power-law. Because of the statistical variation, it is difficult to determine if the same power law holds for the high-molecular tail. However, it would be reasonable to consider that the power law holds for the entire high-molecular-weight region unlimitedly at ψ = ∞. 6 shows the MWD development for P b = 0.7 -0.9. In these cases, the differences of the MWD profiles at ψ = 5 and 10 are very significant, and the high-MW peak moves toward larger MW as reaction time increases, similarly to the emulsion polymerization case [8] . The differences of profiles between ψ = 10 and infinity are rather ambiguous, again because of a large statistical variation. The precision could be improved by increasing the number of samples; however, because the main objective of the present research is if the SFPL distribution is formed in a CSTR, I did not further increase the number of samples. Fig. 7 shows the MWD development in a log-log form for P b = 0.7, 0.8 and 0.9. Similarly to Fig. 5 , the SFPL distribution holds. The slope decreases as the P b value increases; i.e., γ changes from 2 to 1.1 when P b is increased from 0.5 to 0.9.
Figs. 4, 5 and 7 show that an SFPL distribution is formed if the branching probability P b > 0.5, with 1 < γ < 2. The γ value for the LDPE shown in Fig. 1 is about 1.3 , which may imply that the P b value for this LDPE production process is about P b = 0.7 -0.8. Assuming that chain transfer reactions dominate the primary chain formation, P b = C P /(C P + C m ). By using the kinetic rate constants for the ethylene polymerization reported in ref. [20] , C fm = 1 x 10 -3 and C fp = 0.0107 at 260°C and 1850 atm. With x = 0.2, C P = 2.66 x 10 -3 . Therefore, the P b value for the LDPE process is estimated to be 0.73, which agrees with that implied from the γ value.
On the other hand, however, the power law does not hold for molecular weights larger than 10 6.8 = 6.3 x 10 6 in Fig. 1 . This discrepancy may be attributed to the difference between the present model system and the real one-zone autoclave reactor. After all, a single ideally mixed CSTR is not a highly realistic representation.
It may be reasonable to consider that the higher cut-off limit of the LDPE arises from the nonideality of the real reactor configuration. The chain scission reactions, as well as the size and structure dependence of the polymer transfer reactions, may also play a role in real systems, especially for extremely large polymer molecules. It is worth noting here, however, that the weight fraction of large polymers that deviate significantly from the power law is less than 2% of the total polymers. for P b > 0.5 where the SFPL holds, n P is expected to reach a finite value at the stationary state. On the other hand, the weight-average chain length w
( is finite only when γ > 2. Therefore, w P can never reach a stationary state value if P b > 0.5, which agrees with the prediction given by Eq. (8).
Note that although the weight-average MW may go to infinity for P b > 0.5, the kinetic behaviour is significantly different from usual gelation phenomena. As represented by Eq. (8), it takes infinitely long time to form an infinitely large polymer molecule. There is no critical change in the development of weight-average MW. The MWD of primary chains conforms to an exponential distribution, which is associated with the randomness in forming the primary chains. In addition, the number of branch points on a primary chain also follows an exponential distribution as shown in Appendix B. On the other hand, however, there exists a definite order that the primary chains with longer residence time are expected to possess larger branching density than those with smaller residence time. As in the case of emulsion polymerized PE, an SFPL distribution emerges from a weak governance of order to an essentially random system. Nonlinearity is another important factor to form an SFPL distribution.
Conclusions
A power-law distribution in molecular weights was found in LDPE formed in a onezone autoclave reactor, where polymer transfer reactions are significant. A simple stochastic model was used for an ideal CSTR to investigate the MWD formed in freeradical polymerization that involves chain transfer to polymer. It was found that the scale-free power-law distribution is formed when the probability of chain connection is larger than 0.5; i.e., P b > 0.5. This criterion is the same as that for the emulsion polymerization discussed in ref. [8] . Similar to the case of emulsion polymerization, the power-law distribution seems to emerge from a weak governance of order to an essentially random system.
A CSTR could be a model for the reactions occurring in a biological cell. The present type of reactions as well as the MC simulation method could provide newer insight into the complex biological systems, which may lead to an answer why SFPL distributions prevail in various aspects of living systems.
Appendix A: Monte Carlo simulation method
The MC simulation method proposed in refs. [16] and [17] is modified to apply to the present model reaction system. The non-dimensional residence time θ defined by Eq.
(A1) is used to identify the residence time of the primary chain:
where t is the mean residence time. Note that ψ defined by Eq. (7) in the text represents the reaction time, and is equal to the residence time of the remaining primary chains.
The expected branching density of a primary chain whose residence time is θ is given by [21] ) exp( 1 )
In the present case, all primary chains are linear at ψ = 0, and these primary chains that remain to stay in the reactor at ψ (> 0) possess the same expected branching density equal to C p ψ.
The weight fraction of primary chains whose residence time is smaller than θ is given
The present MC simulation goes as follows. First, a primary chain is selected on a weight basis. The residence time of this primary chain can be determined by solving the equation:
where y is a random number between 0 and unity.
The length of this chain follows the weigh fraction distribution of the primary chain given by
By generating a random number that follows the above most probable distribution, the length of the initially selected primary chain can be determined. This primary chain can be connected to other primary chains in two ways. (1) The chain connects some branch chains that are formed after the formation of this chain; therefore, the residence time of the connected branch chains is smaller than θ. (2) The chain end is connected to a backbone chain that is formed before the formation of this chain; therefore, the residence time of the connected backbone chain is larger than θ.
First, the type (1) connection is considered. The expected branching density of a primary chain can be determined from Eq. (A3). The number of branch chains on this primary chain, m, can be determined from the following binomial distribution:
The residence time of the connected branch chain, u (u < θ) can be determined from the following probability. The conditional probability that a primary chain whose residence time is θ connects a branch chain whose residence time interval is 0 to u is given by [17] ( )
The lengths of the connected branch chains follow the number fraction distribution given by Eq. (3) in the text, because only the chain end can be connected and these branch chains are considered as selected on a number basis.
Next, the type (2) connection is considered. The probability that the chain end of a primary chain whose residence time is θ is connected to a backbone chain, P end (θ), is given by
The residence time of the connected backbone chain, z (θ < z), can be determined from the following probability. The conditional probability that a primary chain whose residence time is θ connects a backbone chain whose residence time interval is z to ∞ is given by [17] ( )
The lengths of the connected backbone chains follows the weight-based most probable distribution given by Eq. (A6), because any unit in a primary chain can be connected.
The above two types of connection processes are repeated until no more primary chains are connected. At this stage, the chain length and structure of one (branched) polymer molecule has been determined. By generating a large number of polymer molecules, the MWD can be determined. The present simulation is conducted on a weight basis; therefore, if n polymer molecules with chain length r are sampled within N polymer molecules simulated, the weight fraction of polymer with length r is n/N.
Note that the system size considered in the present simulation is infinitely large, which is different from usual MC simulation methods where a very small reaction volume is cut out and the kinetic behaviour of all molecules involved in it is simulated.
In the present case, an infinitely large polymer molecule can be formed for P b > 0.5. The major objective of the present research is to investigate if the SFPL distribution is formed. Therefore, the polymer molecules whose chain length is larger than 10 6 are collected together to calculate the weight fraction of polymer whose chain length is larger than 10 6 , which means the simulation for one polymer molecule stops if r exceeds 10 6 . This is just for saving calculation time, and the precision of the simulated MWD profile for r < 10 6 can be improved unlimitedly by increasing the number of samples.
In the early investigation shown in ref. [16] , it was incorrectly stated that (1) w P does not go to infinity, and (2) the method of moments cannot be applied to a CSTR. As clarified in this article, these conclusions are wrong. These wrong conclusions were obtained because of the following two defects: (i) The chain connection rule corresponding to Eq. (A10) was wrong in ref. [16] . (ii) The number of samples used in ref. [16] was too small (N = 1000) to detect extremely large polymer molecules.
Incidentally, Eq. (15) in ref. [17] needs correction. By correcting these errors, the MC simulation results agree with those from the method of moments. The correct expressions can be obtained from the author upon request.
Appendix B: Distribution of branch points
In this section, I consider how branch points are distributed among primary chains at ψ = ∞. In the present simplified model, the expected branching density of a primary chain whose residence time is θ (= t t ) is given by [21] ρ(θ) = C P θ (B1)
The weight fraction of primary chains whose residence time is smaller than θ is given by F(θ) = 1-exp(-θ)
From Eqs. (B1) and (B2), the weight fraction of primary chains whose branching density is smaller than ρ, G(ρ), is given by 
